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Change in Skew Distance Energy due to edge deletion
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Abstract-The skew distance energy of a directed graph G? is the sum of the absolute values of all skew distance
eigen values of the skew distance matrix of G®. In this paper we present how the skew distance energy of G?
changes when edges are deleted. Examples show that all cases are possible : increased, decreased, unchanged.
Our aim is to find possible graph theoretical descriptions and to provide an infinite family of graphs for each

case.
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1. INTRODUCTION

Let G(V,E) be a finite simple connected graph with n
vertices and m edges. Let G® be a directed graph with an
orientation ¢. A subgraph H of G is an induced subgraph of
G if H contains all edges of G that join two vertices of H.
The complement of H in G is denoted as G\H and is
obtained from G by deleting all vertices of G an induced
subgraph H and all edges incident with H. Moreover when
no edge of G join H and its complement G\H, we write
G =H® (G\H). Let A;,i =1,2,...,n be the skew distance
eigen values of the skew distance matrix of a directed graph
G®. The skew distance energy of G? is denoted as Egp (G?)
and is defined as

Esn(6%) = ZMM)

The singular values of A € Mnxm(C) are the square roots of
the eigen values of AAT which are denoted by S;(4) >
S,(A) =...> S,(A) = 0.

Nikiforov [3] defined the energy of any A€

M, (€) as Y=, S;(A) which coincides with the definition
of energy >7, |1;(4)| if and only if A is a normal matrix
(see section 4 in [4]). As the skew distance matrix of G? is
real skew symmetric and the real skew symmetric matrices
are normal (AAT = AT A), the skew distance matrix of G is
normal. Therefore X, S;(4A) = Y=, |4:(4)], A is the skew
distance matrix of G%.

In Section 2, we prove a singular value inequality
for complementary submatrices and characterize the equality
case. Then this inequality is applied in section 3 to obtain
results in skew distance energy change when a cutset is
deleted. Section 4 presents several infinite families of
digraphs, each having an interesting skew distance energy
property when an edge is deleted.

2. ASINGULAR VALUE INEQUALITY

Lemma 2.1 [1]Let C be a complex m X n matrix. Then
X 40 < X, S;(C). Equality holds iff there exists a
real scalar 8 such that e C is positive and semi-definite.

Theorem 2.2 [1]For a partitioned matrix C = [1‘3
where both A and B are square matrices, we have

Z 5,(A) +Z S,(B) < Z 5,(0).

] ] ]
Equality holds if and only if there exists unitary matrices U

and V such that [UA ux

VY VB] is positive semi-definite.

Theorem 2.3 For a partitioned skew distance matrix of G?,

C= é g] where both A and B are square matrices and

Y = —XT, we have
i L@+ 2 1B < X 14O

Equality holds if and only if there exists unitary matrices U

and V such that [gé 31)3(

Proof.As the skew distance matrix of G? is real skew
symmetric and the real skew symmetric matrices are normal,

C- the skew distance matrix of G? is normal (CCT = CT().

Therefore,
n n
Y s©=) )l
i=1 i=1

C is the skew distance matrix of G¢. By theorem 2.2 [1],
ZS(A)+ZS(B)<ZS(C)

Therefore, Zl [2;(A)] + Zl [2;(B)| < Zl [4;(C)|, which
proves the inequality. Moreover, equality holds if and only
if

] is positive semi-definite.
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n n
traceC' = Z S;(CH = z S:(0),
i=1 i=1

where C' =
[g 8] C;UandVareunitarymatricessuchthatUAandVBarepo

sitivesemi-definite, if and only if there exists 6 such that
e!®C’ is positive semi-definite, by lemma 2.1 [1]. Since
traceC' is non negative , e® = 1, (i.e) C' is positive semi-
definite. Hence equality holds if and only if there exist
UA

unitary matrices U and V such that _UxT

UXq. L.
VB] is positive
semi-definite.

Corollary 2.4 [1]For a partitioned matrix C = [‘3 g :

where A and B are square matrices and Y = —X7, we have
Yi Si(A) <Y S;(0). Equality holds if and only if X, Y and
B are all zero matrices.

Corollary 2.5 For a partitioned skew distance matrix of G¢,
C= [‘3 g] where A and B are square matrices and

Y = —XT, we have}; |2;(4)| < ¥; |4;(C)|. Equality holds
if and only if X, Y and B are all zero matrices.

Proof. From theorem 2.2 [1],

2i Si(A) + % Si(B) < %; Si(0).

(i.e)X; Si(A) < X Si(A) + X; Si(B) < % S:(0)

(i.e)X; Si(A) < X Si(O).

Therefore

Xi 1A = X 140

Assume that X, Y and B are all zero matrices. Then C =
A 0

[o o) |

Clearly, ¥; S;(C) = X; Si(A).ie. X; |4;,(C)] = X [4:(A)].
Conversely, let us assume that Y; |4;(4)] =X |4 (O)].
Then Zi Sl(A) = Zi SL(C) As

Z Si(4) = Z Si(4) +Z S,(B) = Z S,(0),

i i i i
»:S;(B)=0andsoB =0 (zeromatrix).
Moreover the equalityd); S;(4) +; S;(B) =Y; S:(C)
implies that there exist unitary matrices U and V such that
UA UX1_[UA UX] . .
[VY VB] = [VY 0 ] is positive semi-definite where
Y = —XT. Consequently, UX = 0 and UY = 0 [[6], section

7.1,71P2],s0X =0andY = 0.
3. 3.EDGE SET DELETION

Theorem 3.1 [1]Let G’ be an induced subgraph of a simple
graph G. Then the energy of £(G') < £(G)-the energy of G
and equality holds if and only if E(G") = E(G) where E(G)
represents the edge set of G.

Theorem 3.2 Let H? be an induced subgraph of a directed
graph G®. Then Esp(H?) < E5p(G®) and equality holds if
and only if Edge set of H®=Edge set of G¢.

Proof. The skew distance matrix of G¢ is
SD(H?) X

SD(G?) = (T ) :
-X SD(G?\H?)

distance matrix X represents the edges that connect G\H?

where the skew

and H®. By corollary 2.5, Eqp (H?) < Ep(G®).
For the equality case, suppose the edge set of H?= the edge
¢
set of G?, then SD(G?) = [(S)‘D(H ) 8]
Therefore Egp (G?) = Egp (H?).
Conversely, suppose that Egp, (G?) = E5p (H?), then
n n

D IEDE)] = ) IASDEHN)I

i=1 i=1
By corollary 2.5, X and SD(G®\H?) are zero matrices.
Thus the edge set of H? = the edge set of G¢.

Corollary 3.3 [2]For any simple graph G with atleast one
edge, DE(G) = 2

Corollary 3.4 For any simple graph G with atleast one edge
and with orientation ¢, Egp (G?) = 2.

Proof.Let H®:uv = k,? be an edge of G?®. Then by
theorem 3.2,

Esp(H?) < Egp(G?).

Since Esp(H?) = 2, Esp(G®) = 2.

Definition 3.5 If E is a set of edges of G such that G\E is
the union of two complementary induced subgraph, then E
is called a cutset of G.

Theorem 3.6 [2]If E is a cutset of a simple graph G, then
DE(G\E) < DE(G).

Theorem 3.7 If E is a cutset of a digraph G?, then Esp (G®\
E) < Egp(G®).

Proof.As E is a cutset of a digraph ¢, (G®\E) = H® @
K?®, where H? and K% are two complementary induced
subgraph of G®. Then
SD(H?) X
—XT SD(K®)
where the skew distance matrix X represents the edges that
connect H® and G®. Therefore by theorem 2.3,

Yi [4(SDH)| + X |(SD(K?)| <
Yi [4:(SD(G?))|.
Since (G\E)? is the union of two complementary induced
subgraphs H® and K9,

Esp[(GP\E)] = Esp(H?) + Esp (K ?).
Therefore,

ESD[(G¢\E)] < Egp(G?).

SD(G?) =

Theorem 3.8 If {e} is a bridge in a simple digraph G¢, then
Esp(GP\{e}) < Esp(G?).

Proof.Take E = {e} in theorem 3.7.

Corollary 3.9 Let e be an edge of an oriented tree T¢. Then
Esp(T?\{e}) < Esp(T?)

Example 3.10 Let K,,¥ be the oriented complete graph on n
vertices with the orientations of all the arcs go from low

labels to high labels. Then the skew distance energy of K,,®
1048



International Journal of Research in Advent Technology, Vol.7, No.3, March 2019
E-ISSN: 2321-9637
Available online at www.ijrat.org

is
n T
cot(2k — 1) —
Zk=1 ( )27'1
Proof.As
0 1 1 -1 1
|r 0 1 e 1 1]
sn<z<w=| R
l -1 -1 - 0 1
-1 -1 -1 0
—x 1 1 -1 1 1 7
-1 —x 1 1 1 1
-1 -1 —-x - 1 1 1
ISD(K,*) — xI| = S A A
-1 -1 -1 - —=x 1 1
-1 -1 -1 - -1 —x 1
1 -1 -1 - -1 -1 —x
By 1.2. P4 |n[6]
[dl b b b b]
c dy b - b bl
IR AR
lc c ¢ odpq J
c c c e C
where q(t) = (d, —t)(dz — t) - (dy — D).

Therefore, |SD(K,¥) — xI| = 71‘1(‘?_‘((_‘11)”“)

gy =(—x—-t)(—x—1t) ...(—x —1t)
=D +0)"

where

Therefore, q(1) = (~D"(1+)% q(~1) = (-1)"(x -
"
Hence ISD(K 1!’) _xII D" (x— 1)".;.( 1)n(x+1)n (1 3

O+ (=DMA+ 0"

The eigen values of K,,* are given by
ISD(K,¥) —xI| =0
D" -D"+ (D" (x+1D"=0
G- 1"+ G+ 1" =0,

)n
Therefore
(x+1)"

x—1\"
( ) = cosm + isinm
x+1

=cos(2k + ) + isin(2k + )m; k =
0,12, ..,(n—1)

i—: = cos(2k + 1)§+ isin(2k + 1)%;

k=012, ..,(n—1)
=@y k=012 ..,(n—1)

,(n—1)

= —1 = cosm + isinn

ik+1)E
+ n
x="—k=012,..
1ol
2isin(2k+1)7
2-2cos(2k+1)
2i.25in(2k+1)7=cos (2k+1)5=
. F3
2.23Ln2(2k-;1)ﬁ
=icot(2k + 1);; k=012,..,(n—-1)
Hence the skew distance eigen values of K,,* are
@2n-1r

) . 3w . .5 .
icot =, icot==,icot>Z, ..., icot

2n 2n 2n
Therefore

» ) T Cn-Dm
Esp(K,") = |Lcot—| + |Lcot—| |Lcot >
= cot— 4 t Tt (Zn — r
= cot o+ cot o
n
= Z cot(2k +1) %
k=1

Example 3.11 Here is an infinite family with the property
that deleting any edge will decrease the skew distance
energy.

By theorem 3.10 [5], Esp(ST?) =2/ (n—1), (n=4).
Consider the oriented graph ST?\(1,n). As |SD(ST?\
(1,n)) —xI| = x™ + (n — 2)x™2, the skew distance eigen
values of ST,?\(1,n) are +,/(n— 2)i, —/(n —2)i and 0
occur in (n — 2) times.

Therefore  Egp(STZ\(1,2)) =2{/(n—2) <2\/(n—1) =
Esp(ST?).

Let K,,¥ be the oriented complete graph on n vertices with
the orientations of all the arcs go from low labels to high
labels.

Consider the oriented graph K 1"\{(1 2)}. As
0

1 1 1
0 0 1 1 1 1
-1 -1 0 1 1 1
SD(K,"\((L2)P) =]|-1 -1 -1 0 1 1
-1 -1 -1 -1 - 0 1
-1 -1 -1 -1 - -1 o
ISD (K, " \{(L,2)}) = x|
-x 0 1 1 1 1
0 —x 1 1 1 1
-1 -1 —x 1 1 1
=|-1 -1 -1 —x 1 1
-1 -1 -1 -1 - —x 1
-1 -1 -1 -1 - -1 —x
Using the elementary row operations,
Ri,»>R;,—R;_{,Vi=n,n-—1,--3,2, we get
|SD (Kn 1”\{(1 2)}) = xI|
—-X 1 1
x —Xx 0 0 - 0 0
-1 x-1 —-x-1 0 - 0 0
_lo o x—1 —x-1 0 0
0 0 0 0 -x—1 0
0 o0 0 0 x—1 —x-1
0 o0 0 0 0 x—1
Using the elementary column operatlons
C - C—C_,Vj=nn-1,-3,2, we get
ISD(K"\(1.2)}) — Al
-Xx X 1 0 0 0
X —2x X 0 - 0 0 0
-1 x —-2x x+1 - 0 0 0
_l0o o x—1 —2x 0 0 0
0 o0 0 0 e =2x x+1 0
0 0 0 0 x—1 —-2x x+1
0 0 0 0 0 x—1 —2x
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Using Laplace's Expansion method, ot (n—2)(n+1) -2
ISD(K ¥ {(1,2)}) — xI| = N
m-2)n-3Y(n—-4(n+3) __
—2x x+1 0 = 0 0 0 + 2 Xt
x—1 —2x x+1 0 0 0 n—2)(n-3)2n->5 2n -3
—X Xz 1 N : +( )( 5 )( )x4.+ T x2 ifniseven
A | 0 0 v =2x x+1 0 - ' '
0 0 0 o x—1 -2x x+1
N 0 0 0 - 0 x—1 —2x _xn_(n_z)(n+ 1)xn_2
2!
-X X 1
x  —2x x (—1)tteHat1ez+s 4 -2 (n—-3)(n—4)(n+3) .
0 0 x—1 4!
x+1 0 0 w0 0 0 +[—(n — 2)(n — 2)x3] — 2xifnisodd
x—1 -2x x+1 - 0 0 0
0 x—1 -2x - 0 0 0 Theorem 3.12 The skew distance spectrum of K, ,,, 0 - a
: : : e : : canonicalorientation of K, ,, is
0 0 0 - —=2x x+1 0 1 m+n—2 1
0 0 0 - 0 x—1 —2x and hence Esp (K3.,) = 2Vmn
By 0.9.10[6] the determinant of the Tridiagonal matrices, Proof.K2,, is
3 _ n-3 _ n-3 |SD (Kr(rrz,n) - X]|
( X ZX)[Sl_E:,l)] [(Tl Z)Clx —x 0 0 0 1 1 1 1
+(Tl - 2)C3X + e+ (n - Z)Cn_3X] 0 —x 0 0 1 1 e 1 1
+H(=DOP =2+ DED (- 3™ 0 0 -—x - 0 1 1 -« 1 1
+(n—3)c3x™ 6+ -+ (n—3)c_3] ifn—3 isodd : : : :
= _10 0 0 eeo=x 1 1 e 1 1
(—X3 _ Zx)[(_l)]n—3[(n _ 2)clx"‘3 -1 -1 -1 -1 —x 0 0 0
+(n—2)cx™ S + 4+ (n— 2)cpy] '_1 -1 -1 - fl 0 —x 0 0
_ 3 _ 2 Y4y n-4 : : : :
HEDE =G+ DED = et PP S
+(n—3)czx™° + -+ (n— 3)cp_yx] ifn—3 iseven 1 -1 =1 « -1 0 0 -« 0 —x
X 5 . Using the elementary row operations
(x* +2x)[(n — 2)c1x™ 7 + (N — 2) x> + - Rpmsi = Rmei — Rmar, Vi = 2,3+, 1, We get
+(n—2)cp_gx® + (n — 2)cp_3x] -x 0 0 - 0 1 1 - 1 1
—(x* = xH)[(n = 3D x™* + (n—3)czx™C + - 6 —»o0 -0 1 1 - 1 1
+(n—3)cp_sx? + (n — 3)c,_3]ifn — 3 isodd 0 0 —x - 0 1 r 1 1
B (53 _ n-3 _ n-s , .. 0 0 0 -x 1 1 1 1
(x +2x)[(n2 2)cx™M P + (n— 2)ex™ 0 + 1 -1 -1 “1 —x 0 0 0
(M —2)Cpgx® + (N — 2)cpp] + 0 0 0 - 0 x —x -0 0
(x* = x2)[(n = 3)erx" ™ + (n — 3z O + - ; S :
+(n—3)cp_ex® + (n— 3)cp_sx]ifn — 3 iseven 0 0 0 - 0 x 0 -~ —x 0
0 0 o0 o x 0 - 0 —x
[((n—=2)c; —(m—3)ci]x™ + [(n — 2)cs + 2(n — 2) ¢y

+(n—3)g — (n—=3)s]x" 2+ [(n—2)cs +2(n—2)c; )

+(n—3)cs — (n— cs]a™ + - t‘JSIng theCeIemenéary columntoperatlons

+[(n—2)cpz +2(n — 2)cpos + (1 — 3)Cps ™ _0’ e - .m..+llowe gel 0 0 0

—(n = 3)epslx* + [2(n - 2)cp5 + 0 —-—x 0 - 0 1 0 e 0 0
_| (- 3)cp_3]x2ifniseven 0 0 —-x -0 1 0 e 0 0

X"+ [-(n—=2)c;+(m—3)cs —2(n—2)c; 0O 0 O e —x 1 0 0 0

—n=3Nx"t+[-(n—2)cs+(n—3)cs —2(n—2)c4-1 -1 -1 - -1 —x x X x

—(n=3)cla™ 4+ 0 0 0 - 0 x —2x - =X @ —X

[(n—2)cp_y; —2(n — 2)cpy + (n — 3)c,y]x3 : : : :

—2(n—2): sz ifnisoddn ' " 0 0 0 - 0 x  —x e —2x —X

e o 0 0 - 0 x —x - —x —2x

Using Laplace's expansion method,
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ISD (Kn) — x|

|SD (K;;n\(1,n + 1)) - xl|

—x x e x x -x 0 0
x -2 % —x 0 -x 0 -~ 0 1 1 = 1 1
A X 0 0 o 11 L1
x  —x -x  —2x = —X
wn 0 -1 -1 ~1 —-x 0 o o |”"
-x 0 -« 0 0 10 0 0 091 -1 -1 -1 0 —x 0 0
0 —x - 0 0 x —2x —x —x = : : :
m(—1) : : : N : 1 -1 -1 -1 0 0 -x 0
0 o0 -x 0 X —-x —x —2x x 11 -1 -1 -1 0 0 0 —x
-1 -1 - -1 —-1lpm'x —x —x —-x 2%
-11 1 - 1 1 _ A Ar
1 -2 -1 -1 -1 Az Apl
= (-D™mx™x™ [ I
1 -1 -1 2 1 where
1 -1 -1 - =1 =2
_Zx —X “ee —X —X —X 0 O O
—x —2x -x - 0 —x 0 0
m(=1) (=)™ (-1 [ : Ay =|0 0 —x 0 I
-X —X —2x —Xx l
-x  —x -x  —2x 0o 0 O —Xnxn
— (_1)mxm+n(_1)n +
-2 -1 -1 -1 0 1 1 1
-1 -2 -1 -1 [1 1 1 1]
m(=D" D20 z PR i
-1 -1 -1 -2 12 |1 1 1 1 |
1 1 1 1
= (_1)m+nxm+n +m(_1)m+nxmxnn l Jnxn
— (_1)m+nxm+n + (_1)m+nmnxm+n—2 0 -1 =1 =17
= (=)™ M2 2 + mn). -1 -1 -1 -1
. _ _ A, =l :
The skew distance eigen values of K, ,, are given by 271 -1 -1 -1
(_1)m+nxm+n—2[x2 + mn] — 0 _1 _1 _1 _1
x> +mn=0o0rx™"2 =0 Tnxn
x =+vmniorx =0 (m+n— 2)times. —x 0 0 07
0 —x 0 o0
Therefore, the skew distance spectrum of K5, ,, is Ay, = 5 :
1 m+n—2 1 ' 0 0 - —x 0
—Vmni 0 +/mni o 0 -0 -x

Esp (K n) = vmn +ymn = 2vymn.

Corollary 3.13 As Egp(Kqn) =2vmn, Esp(K7,) =

nxn

As A;; commutes with A, [SD(K7,\(L,n+ 1)) —xI| =
|A11A5, — Ay Ag,|. Therefore,

|SD (K7, \(1,n + 1)) — xI|

2 - - - - —
i = 21, x*+(n-1) (rzz 1) (n—-1) n-1) (n-1)
n—-1) x“+n n eon n
Example 3.14 Here is an infinite family with the property =|(n-1) n x*+n- non
that deleting any edge will increase the skew distance : :
energy. (n-1) n n on x*+n

Consider the oriented graph K7, with a canonical
orientation o. Delete an edge (1,(n + 1)) from K7, the
skew distance characteristic equation is

Using the elementary row operations,
Ry =Ry —Rn-1;Ry1 > Ryp1 —Rpp,"Ry > Ry — Ry
we get

x*+(n—-1) (n—-1) (n-1) n—1) (n—1)
—x? x*+1 1 -1 1
0 —x? x? w0 0
0 0 0 o x2 0
0 0 0 e —x2 x?

Using the elementary column operations,
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ChoC— GGy 2 Gy — gy G = G — € We
get

x2+(mn—-1) —x? 0 - 0 0 0
—x? 2x2+1 —x% - 0 0 0
0 —x? 2x%2 - 0 0 0
0 0 0 2x2 —x%2 0
0 0 0 —x? 2x? —x?
0 0 _ —x? 2x?
Using Laplace's expansion method
ISD(Knn\(1,n + 1)) —xI| =
2x?> —x% - 0 0
x>+ (m—-1) —x2 | —x2 2x2 .. 0 0
—x? 2x%+1 :
, J0 0 —x? 2x?
+|* +(n—-1) —x
0 —x?
[-x% 0 0 0 0 |
—x? 2x% —x? 0 0
X (_1)1+3+1+2 : :
0 0 0 e 2x% 0 —x?
0 0 0 —x? 2x?

=[x*+(Cn—-Dx*+(n—-1](n- 1);6“2(”‘2)
+ (=0 (x? + (n = 1)) (1) (=x)?

=(n—-Dx>"*+(n-1)2n—-Dx*"*x2+ (n—1)(n
—Dx?* — (x%+ (n — DxY(n
_ Z)xZn—6

=(n—Dx*"+(n-1)2n—Dx** 2+ n—-1)(n
—Dx? - (n=-2)x" - (n—1(n
_ 2)x2n—2

=[n-Dx"-n-2)]+[(n-D@n-1) - (n
D =2)x*" 2 + [(n - D(n
_ 1)]x2n—4-

— xZn + (nz _ 1)x2n—2 + (‘I’l _ 1)2x2n—4.

The skew distance eigen values of K;7,,\(1,n + 1) are given

by

xZn + (nz _ 1)x2n—2 + (Tl _ 1)2x2n—4 =0
X xt+ (M- Dx?+ (n—1)%] =0

x=0 (2n—4) times&x*+ (n?— Dx*+ (n — 1)?
=0 forn=>3
x=0 (2n—4) times&x*+m+1D(n—Dx*+(n

- 1D(n—-1)=0 forn=3
andx*+ (n+ Dx*+(n—1)=0forn =2

Putt=x?inx*+(n+1Dn—-Dx>+ n-12=0, we
get
t?2+ (n+ 1)(n— 1)t + (n — 1)? = 0. Therefore
= —-(m?-1)+/(n2-1)-4(n-1)2
2

_ —(n®-1)t/n*+1-2n2-4n2-4+8n

2 _ —(n®’-1)+yn*-6n2-4+8n-3

i.ex

2
_ —(m?-1)+(n-1)Vn2+2n-3
2
As M2—1)=2(n-1DVn2+2n—-3 and —(n2—-1) is

—(n2— —1)/n2 _
negative, — D 21) 2173 s negative. Therefore
1
—(n?>-1)+ (n-1)Vn2+2n-3]?
x ==

2

1
N m*=1)F (n—-1)Vn2+2n-3]*.
= i

= 2
Hence

Esp[KZ,\(Ln+ 1] = 2(n* — 1) > 2n = Egp(K7,)

Definition 3.15 A regular graph on 2n vertices of the
degree 2n—2 is called a cocktail party graph and is
denoted by CP(n). CP(n)¥ is an oriented cocktail party
graph on 2n vertices with the orientations of all the arcs go

from low labels to high labels.

Theorem 3.16 Let K,’f’ be the oriented complete graph on n
vertices with the orientations of all the arcs go from low
labels to high labels. Let CP(n)¥ be the oriented cocktail
party graph on 2n vertices with the orientations of all the
arcs go from low labels to high labels. Then Eg,[CP(n)¥] =

2Ep[KY]
Proof.
|SD[CP(n)¥] — xI|
r—x 1 1 0 1 1 1
-1 —x 1 e 1 -1 0 1 1
-1 -1 —x - 1 -1 -1 0 1
-1 -1 -1 —-x -1 -1 -1 0
=|0 1 1 1 —x 1 1 1
-1 0 1 1 -1 —x 1 1
-1 -1 0 1 -1 -1 —x 1
-1 -1 -1 0 -1 -1 -1 —X
[A B
B A
—x 1 1 1
[—1 —x 1 1]
WhereA=i:_1 :_1 :—x 1 iand
0 1 1 1
[—1 0 1 1]

= o : J

As (i,j)" entry of AB = (i,/)*" entry of BA = —x + 2j —

2i —n, AB = BA. Therefore
ISDICP(n)?] - x1] = [

Now,

AZ
[x*=(—-1) —2x—(n—2)
[2x—m=2) x*-(m—-1)

=|2x—(n—4) 2x—(n-2)
2x+(n—2) 2x+(n-—4)

Bl _ 42 _ p2

4 = |A% — B?|.
—2x+(n—4) —2x+(
—2x+(n—6) —2x+(
—2x+(n—-8) —2x+(
2x—(n—2) x*—(n-
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BZ
-n-1) -(n-2) —-(n—-4) (n—4)
[_(n—Z) —(n—-1) —(n-2) (- 6)
zl_(n_4) ~m2) -~ e (o8
Therefore
|SD[CP(n)1P] - XIl = |A2 — BZ|
x* —2x —2x —2x —2x
2x x* 2 —2x —2x
=[x 2 X —2x —2x
2x  2x 2x e x2 —ox
2x  2x 2x 2x xz
X _2 —2 e _2 _2
— xn 2 2 X _2 _2
2 2 2 x -2
2 2 2 2 X
By 1.2 P4 in[6],
ISD[CP(n)¥] — xI| = x™ [w]

The skew distance eigen values of CP(n)Y are given by
A [ =2)" 4 (x+2)"
x| - |=0

>x=0 (n times) and (x—-2)"+(x+2)"=0.
Thereforet the skew distance eigen values of CP(n)¥ are
0,0,---,0 (n times) 2icotl,2icot3—n, ---,2icotﬁn.

2n 2n 2n
Hence

2n—1

" T 3
Esp[CP(n)¥] =2[cotﬁ+cot—+m+cot T

2n
= 2Egp (K))
= Egp (K;{b @ K:lp)_

Example 3.17 Here is an infinite family with the property

(n-2)
(n—4)
(n—6)

“(n-1)

]

|

that deleting all the edges in the cutset does not change the
energy.
Consider CP(n¥), the oriented cocktail party graph on 2n
vertices with the orientations of all the arcs go from low
labels to high labels. Then Egp[CP(n)¥\E] = 2Es, (KV) =
Esp (K,‘f &) K,‘f’ ), where E is the set of all edges in the cutset.
Let £ = {(u,v))/i=12,-,n,j=12,-,ni# j}. Edges
in E are oriented with the orientations of all the arcs go from
low labels to high labels.
As E is the cutset in CP(n)¥,
CP()\E = K @ K
« Egp (CP()\E) = Esp (K @ K)
= 2E5p (K,))
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